EXTENSION GROUPS BETWEEN ATOMS AND OBJECTS IN LOCALLY 
NOETHERIAN GROTHENDIECK CATEGORY 



RYO KANDA 



Abstract. We define the extension group between an atom and an object in a locally 
noetherian Grothcndieck category as a module over a skew field. We show that the dimension 
of the i-th extension group between an atom and an object coincides with the i-th Bass 
number of the object with respect to the atom. As an application, we give a bijection 
between instable subcategories closed under arbitrary direct sums and direct summands 
and subsets of the atom spectrum and show that such subcategories are also closed under 
extensions, kernels of epimorphisms, and cokernels of monomorphisms. We show some 
relationships to the theory of prime ideals in the case of noetherian algebras. 



1. Introduction 

In this paper, we investigate Bass numbers in a locally noetherian Grothendieck category 
and give generalizations of fundamental results in the commutative ring theory. 

Let R be a commutative noetherian ring. For a nonnegative integer i, the i-th Bass number 
fj.i(p, M) of an R- module M with respect to a prime ideal p of R is defined by 

E l {M) = E{R/p)®^' M \ 

peSpeci? 

where E t {M) denotes the i-th term in the minimal injective resolution of M, and E(R/p) is 
the injective envelope of R/p. Bass numbers are important invariants of modules in order to 
study homological aspects of commutative rings. For example, Bass B63] proved the following 
theorem. 

Theorem 1.1 (Bass [B63i Lemma 2.7]). Let R be a commutative noetherian ring, p be a prime 
ideal of R, M be an R-module, and i be a nonnegative integer. Then we have the equation 

Hi{p,M) = dim fc(p) Ext 4 flp (fc(p),Mp) = dim fc(p) Ert? R (R/p, M) p , 

where k(p) is the residue field of p. 

In the case of noncommutative rings, prime ideals do not always work well, and hence it is 
hard to generalize Theorem 11.11 to noncommutative rings straightforwardly. In this paper, we 
see that the generalization is possible if we treat it in a viewpoint of atoms. 

For a ring R, Storrer |S72] introduced the notion of atoms in the category Modi? of right 
i?-modules, which are equivalence classes of monoform modules. In the case where R is a 
right noetherian ring, it is known that atoms bijectively correspond to isomorphism classes of 
indecomposable injective modules. If R is a commutative ring (which is not necessarily noe- 
therian), atoms in Modi? bijectively correspond to prime ideals of R. In |K12j . we investigated 
atoms in arbitrary abelian categories, especially noetherian abelian categories and locally noe- 
therian Grothendieck categories, and gave classifications of Serre subcategories and localizing 
subcategories, respectively. 

In the case of locally noetherian Grothendieck category A, atoms are also bijectively cor- 
respond to isomorphism classes of simple objects in the spectral category of A, which was 
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introduced by Gabriel- Oberst IGQ66] . In this paper, we regard a notion in [GQ66] as a mor- 
phism space between atoms and objects fDefinition l3.5l) . and by deriving them, define extension 
groups between atoms and objects fDcfinition l4.il) . Then we obtain the following description 
of Bass numbers (Definition 15. 1| for A. 

Main Theorem 1.2 (Theorem I5.3|) . Let A be a locally noetherian Grothendieck category, a 
be an atom in A, M be an object in A, and i be a nonnegative integer. Then we have the 
equation 

Hi(a, M) = dim fe(Q ) Ext^(a, M), 

where ^{a, M) is the i-th Bass number of M with respect to a, and k(a) is the residue (skew) 
field of a. 

This theorem has some applications to instable subcategories. A full subcategory X of A 
is called E -stable if for any object M in A, M belongs to X if and only if E t (M) belongs to 
A for each nonnegative integer i. As a generalization of a result by Takahashi [T09j Theorem 
2.18], we show the following classification. 

Theorem 1.3 fThcorcm l6.4p . Let A be a locally noetherian Grothendieck category. Then there 
exists a bijection between E-stable subcategories of A closed under arbitrary direct sums and 
direct summands, and subsets of the set of all the atoms in A. 

As an application of Main Theorem 11.21 we show the following result. In the case of com- 
mutative noetherian rings, it is stated by Takahashi [T09l Corollary 2.19]. 

Corollary 1.4 (Corollary I6.5[) . Let A be a locally noetherian Grothendieck category and X be 
an E-stable subcategory of A closed under arbitrary direct sums and direct summands. Then 
X is also closed under extensions, kernels of epimorphisms, and cokernels of monomorphisms. 

In section we deal with noetherian algebras and show some relationships between our 
theory and the theory of prime ideals described in |GN02j . 

We refer the reader to |M89j for the general theory of commutative rings, [P73J for that of 
abelian categories and Grothendieck categories, and [W94 for that of derived categories. 

2. Atoms 

Throughout this paper, we deal with a locally noetherian Grothendieck category A. Its 
definition is as follows. 

Definition 2.1. (1) An abelian category A is called a Grothendieck category if A has a 
generator and arbitrary direct sums and satisfies the following condition: for any object 
M in A, any family C = {£a}agA of subobjects of M such that any finite subfamily 
of C has an upper bound in C, and any subobject N of M, we have 

(^L A J niV = ^(L A niV). 

VagA / AeA 

(2) A Grothendieck category A is called locally noetherian if there exists a set of generators 
of A consisting of noetherian objects. 

In this case, it is shown in |M641 Theorem 2.9] that any object M in A has its injective hull 
E{M) in A. 

We recall the definition of atoms, which was introduced by Storrer |S72) . 

Definition 2.2. Let A be a locally noetherian Grothendieck category. 

(1) An object H in A is called monoform if for any nonzero subobject N of H, there exists 
no common nonzero subobject of H and H/N, that is, there does not exist a nonzero 
subobject of H which is isomorphic to a subobject of H/N . 
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(2) We say that monoform objects H and H' in A are atom-equivalent if there exists a 
common nonzero subobject of H and H' . 

The following properties about monoform objects are well known (for example, [572 ). For 
complete proofs, we refer to |K12j . 

Proposition 2.3. Let A be a locally noetherian Grothendieck category. 

(1) Any nonzero subobject of a monoform object in A is also monoform. 

(2) Any monoform object H in A is uniform, that is, any nonzero subobjects N\ and N2 
of H have a nonzero intersection. 

(3) Any nonzero object in A has a monoform subobject. 

Proof. (1) [R*T2l Proposition 2.2]. 

(2) [KT2l Proposition 2.6]. 

(3) [K121 Theorem 2.9]. Note that any object in A has a nonzero noetherian subobject. □ 

By Proposition 12.31 ^ , the atom equivalence is an equivalence relation between monoform 
objects in A. We denote by ASpec A the quotient set and call it the atom spectrum of A, and 
we call an element of ASpec A an atom in A. The equivalence class of a monoform object H 
is denoted by H, and we regard H as an element of H. As in K12 ( Proposition 5.3], ASpec A 
forms a set. In the case where R is a commutative noetherian ring, the map p 1— > R/p is a 
bijection between the prime spectrum Spec R of R and ASpec (Mod R). For the details of these 
arguments, see |S72] or |K12j . 

In the commutative ring theory, Matlis |M581 Proposition 3.1] shows that for a commutative 
noetherian ring R, the map p n> E(R/p) is a bijection between Speci? and the set of all the 
isomorphism classes of indecomposable injective modules over R. This result can be generalized 
in terms of atoms as follows. That is shown by Storrer |S721 Corollary 2.5] in the case of 
a module category, and a complete proof for the case of a locally noetherian Grothendieck 
category is in [K121 Theorem 5.9]. 



Theorem 2.4 (Storrer |S72j ). Let A be a locally noetherian Grothendieck category. 

(1) Let a be an atom in A and H £ a. Then the injective hull E(H) of H does not depend 
on the choice of the representative H of a, that is, for another H' 6 a, E(H') is 
isomorphic to E(H). Hence denote it by E(a) and call it the injective hull of a. 

(2) The map a M- E(a) is a bijection between ASpec A and the set of all the isomorphism 
classes of indecomposable injective objects in A. 

In general, for an atom a in A, there exist many monoform objects H such that H G a. 
However, we can take a canonical one H a in the following sense. 

Theorem 2.5. Let A be a locally noetherian Grothendieck category and a be an atom in A. 
Then there exists a unique maximal monoform subobject H a of E(a). 



Proof. See |S72] for the case of a module category. We give a proof for the general case. 

Denote by J a the set of all the endomorphisms of E(a) which are not automorphisms. Since 
any Grothendieck category has arbitrary direct products ( P73 ( Corollary 7.10]), we can define 
a subobject H a of E{a) by 

H a = p| Ker/, 
where H/e j Ker / is defined as the kernel of the morphism 

feJ a J 

induced by the canonical morphism E(a) ~ > E(a)/ Ker / for each / 6 J a - 
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Let H be a monoform subobject of E(a) and / G J a . Denote the composite H <— > E(a) 
and / : -E(a) — > E(a) by g. If / is a monomorphism, then / is a split monomorphism which 
is not an epimorphism. This contradicts to the indecomposability of E(a). Hence / is not a 
monomorphism. Assume that H <f_ Ker/. Then Img ^ 0. Since E(a) is uniform, we have 
Ker g = H H Ker / ^ and H n Im g 0- Then we have 

~ImgDffnlmjC-ff 

Ker g 

and this contradicts the monoformness of H. Therefore H C Ker/, and this shows that 
H cH a . 

Assume that H a is not monoform. Then there exist a nonzero subobject N of H a and a 
nonzero subobject B of which is isomorphic to a subobject B' of H a /N. By the injectivity 
of E(a), we obtain a morphism g' in ^4 such that the diagram 



H a /N 



■E(a) 



B' 



B 



commutes. We also obtain a morphism /' in A such that the diagram 

E{a) 




H a /N 



E(a) 



commutes. Since N ^ 0, /' is not a monomorphism, and hence /' G J a . By the definition of 
H a , we have H a C Ker/'. Then g' — and hence -B = 0. This is a contradiction. Therefore 
-ff Q is a unique maximal monoform subobject of E(a). □ 



We call the monoform object H a in Theorem 12.51 the atomic object corresponding to the 
atom a. 



3. Morphism spaces between atoms and objects 

Recall that a Grothendieck category S is called a spectral category if any short exact sequence 
in S splits. Gabriel-Oberst }GQ66| defined the associated spectral category to a Grothendieck 
category A, whose definition is based on the notion of essential subobjects. 

Let M be a nonzero object in A. A subobject N of M is called an essential subobject of M 
if for any nonzero subobject L of M, we have L n N ^ 0. Note that M is uniform if and only 
if any nonzero subobject of M is an essential subobject of M. We denote by Tm the set of all 
the essential subobjects of M. Since the intersection of two essential subobjects of M is also 
an essential subobject of M, Tm is a directed set with respect to the opposite relation of the 
inclusion of subobjects. 

Definition 3.1 (Gabriel-Oberst G066 ). Define the spectral category S of a Grothendieck 
category A as follows. 

(1) The objects of S are the same as the objects of A. 
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(2) For objects M and N in A, 

Hom 5 (Af, AO = lis Honu (M',N). 

(3) Let L, M, N be objects in A and [/] G Hom 5 (L,M) and [g] G Eom s (M,N). We 
assume that [/] and [g] are represented by / £ Homs(L',M) and g G Homs(M', N), 
where L' G J~l, M' G Tm% respectively. Then the composite [g][f] G Homs(L,N) is 
the equivalence class of the composite of /' : f~ 1 (M') — > M' and g : M' — > N, where 
/' is the restriction of /. 

Note that the inverse image of an essential subobject is also essential. 

With the notation in Definition 13.11 we can define a canonical additive functor P : A — s- S 
by the correspondence M h- > M for each object M in A and the canonical map Pm,n ■ 
Honu(M, N) -> Iim „ Hoin^M', AT) for objects M and AT in A. 

The following theorem states fundamental properties on the spectral category of A. 

Theorem 3.2 (Gabriel-Oberst [G066 ). Let A be a Grothendieck category, S be the spectral 
category of A, and P : A —¥ S be the canonical additive functor. 

(1) S is a spectral category, that is, S is a Grothendieck category such that any short exact 
sequence in S splits. 

(2) P is a left exact functor and commutes with arbitrary direct sums. 

Gabriel-Oberst |GQ66) also showed the following results. 

Theorem 3.3 (Gabriel-Oberst (G066 ). Let A be a Grothendieck category, S be the spectral 
category of A, and P : A — > S be the canonical additive functor. 

(1) Let M be an object in A and N be an essential subobject of M. Denote the inclusion 
morphism by v : N <^-> M . Then P(v) is an isomorphism in S. 

(2) Let M and N be objects in A. If P(M) is isomorphic to P(N), then there exists an 
essential subobject of M which is isomorphic to an essential subobject of N. 

(3) For any object M in A, M is uniform if and only if P(M) is simple. 

(4) The correspondence I i— > P(I) gives a bijection between isomorphism classes of inde- 
composable injective objects in A and isomorphism classes of simple objects in S. 

In the rest of this section, let A be a locally noetherian Grothendieck category, S be the 
spectral category of A, P : A —t S be the canonical additive functor, and a be an atom in A. 

Remark 3.4. (1) For any object M in A, as shown in [M581 Theorem 2.5], E(M) is a 
direct sum of indecomposable injective objects in A. By Theorem 13.31 P(M) is 
isomorphic to P{E{M)). Hence by Theorem I3~2l © and Theorem EHi! (g) . P(M) is 
isomorphic to a direct sum of simple objects in 5. 
(2) Since E(a) is an indecomposable injective object in A, by Theorem 13.31 (l4")l. P(E(a)) 
is a simple object in S. Therefore F,nds(P(E(a))) is a skew field. 

In terms of the spectral category, we define the morphism space between an atom and an 
object in A. For a ring R, Mod R denotes the category of right i?-modules. 

Definition 3.5. Let A be a locally noetherian Grothendieck category, S be the spectral 
category of A, P : A —¥ S be the canonical additive functor, and a be an atom in A. 

(1) Denote the skew field Ends (P(E (a))) by k(a) and call it the residue field of a. 

(2) Define an additive functor Hom^(a, — ) : ^4— > Modfc(a) by 

Hom^Q, -) = Eom s (P(E(a)), P(-)). 

Remark 3.6. (1) For any nonzero subobject U' of E(a), since E(a) is uniform, Tjji is 
the set of all the nonzero subobjects of U', and it is a cofinal subset of J r E( a )- Hence 
we obtain a functorial isomorphism 

Hom_4(a, — )= lini Hom^(f7,— ). 
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of additive functors A — > Mod k(a). If we take U' as H a , then Tjj> is the set of all the 
monoform subobjects of E{a). This is the reason why we denote this additive functor 
by Hom^(a, -). 

(2) By Theorem 13.21 (l2j) the additive functor Hom^fa, — ) commutes with arbitrary direct 
sums since P{E(a)) is a simple object in S. 

(3) For a nonzero subobject U of E(a), an object M in A, and a morphism / : U — > M in 
A, we denote the image of / in Hom^(a, M) by [/]. 

In the case where M is a nonzero subobject U' of E(a), the composite of / and the 
inclusion morphism U' <->• E(a) defines an element of k(a). We also denote it by [/] 
by abuse of notation. By Theorem 13.31 (JTJ, we have 

k(a) ^Uom s (P{E(a)),P{U')). 

This implies that 

*:(«) = {[/] / : U ->■ U' in A, U G J- E(a) }. 

If there exists a simple object 5 in ,4 such that a = S, by Remark 13.61 (JTJ, we have an 
isomorphism k(a) = End^S 1 ) of skew fields and a functorial isomorphism 

Hom^(Q, — ) = Homes', — ) 

of additive functors A — > Modfc(a). In general, however, the additive functor Hom^(a, — ) : 
A — > ModZ is not necessarily representable. 

Proposition 3.7. The additive /jmctor Hom^(a, — ) : A ModZ is representable if and only 
if there exists a simple object S in A such that a = S . 

Proof. Assume that Hom^(a, —): A —> Mod Z is representable, that is, there exists a functorial 
isomorphism 

Hom_4(a, — ) = Hom^(t7, — ) 

of additive functors A — > ModZ for some object U in A. Then there exist a nonzero noetherian 
subobject V of U and a simple quotient object S of V. We obtain a morphism / in A such 
that the diagram 

U— f -^E(S) 



V »~S 

commutes. Since / is nonzero, we have 

Kom s (P(E(a)), P(E(S))) = Kom A (a, E(S)) ^ Kom A (U, E(S)) 0. 
By Theorem 133] @, we have E(a) = E(S) = E(S). By Theorem OH © , it follows that 

a = s. a 

We show a property about the morphism space between an atom and an object. 

Proposition 3.8. Let U be a nonzero subobject ofE(a), M be an object in A, and f : U — > M 
be a morphism in A. Then [/] ^ in Hom A (a, M) if and only if f is a monomorphism. 

Proof. By the definition of direct limit, [/] = if and only if there exists a nonzero subobject V 
of U such that U' C Ker /. This condition is equivalent to that / is not a monomorphism. □ 

The residue field k(a) of an atom a in A appears in several contexts related to the atom a. 
In order to show that, we prove the following lemma. 

Lemma 3.9. Let H G a and f : H — > E(a) be a morphism in A. Then we have Im/ C H a . 
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Proof. Since E(a) is isomorphic to E(H), there exists a subobject H' of E(a) which is iso- 
morphic to H. Assume that / is a nonzero morphism which is not a monomorphism. Then we 
have Ker/ ^ and Im/ ^ 0, and hence, by the uniformncss of E(a), we have Im/ n H' ^ 0. 
Then 

TT 

' Im / D Im / n H' C H' = H 



Ker/ 

implies that H is not monoform. This is a contradiction. Therefore / is a monomorphism or 
a zero morphism, and hence Im / is monoform or zero. This implies that Im / C H a . □ 

Proposition 3.10. (1) We have an isomorphism End^(_ff a ) = k{a) of skew fields. 

(2) Let J a be the unique maximal ideal of the local ring End_4,(-E(a)). Then we have an 
isomorphism 



EncU(£(a)) ^ 
= fc(a) 



o/ sfcew fields. 



Proof. (1) For any morphism / : H a H a in we have an element [/] of k(a). This 
correspondence defines a ring homomorphism tp : End^(-ff Q ) — > k(a). 
If / is nonzero, then we have Im / ^ and 

H " "bnfcH a . 



Ker/ 



Since H a is monoform, we have Ker / = 0. Hence / is a monomorphism and by Proposition 
13 . 81 we have [/] ^ 0. This shows that tp is injective. 

In order to show that <p is surjective, let H be a monoform subobject of E(a) and g : H — > 
be a morphism in .4 such that [g] 7^ 0. By the injectivity of E(a), we obtain a morphism 
g' in such that the diagram 




H E{a) 

commutes. By Lemma 13.91 we obtain a morphism g" in A such that the diagram 




E(a) 

commutes. Then [g"j = [g'\ = [g] in k(a). This shows that tp is surjective. 
(2) The localness of End^(£'(a)) is shown in |M581 Proposition 2.6]. 

We have a canonical ring homomorphism ip : End^(-E(a)) — > k(a). For any nonzero subob- 
ject U of E(a), the injectivity of E(a) ensures that every morphism U — > E(a) can be lifted to 
some endomorphism of E(a), and hence tp is surjective. The kernel of tp is the unique maximal 
two-sided ideal J a since End^(iJ Q ) is a skew field by (JlJ. □ 

In the case where A — Mod R for a commutative noetherian ring R, each prime ideal of R 
defines an atom a — R/p in ASpec(Mod R). As in |S72j . the corresponding atomic object H a 
is the residue field fc(p) of p. Hence the residue field k(a) = Endn(k(p)) is also k(p). In general, 
however, for an atom a in A, the atomic object H a corresponding to a and the residue field 
k(a) of a do not necessarily coincide with each other. 
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Example 3.11. Let R be the ring of 2 x 2 lower triangular matrices 

~K 0" 

K K 

over a field K. The right i?-module S = [K 0] is simple, and hence monoform. The atomic 
object corresponding to a = S is H a = [K K\. However, the residue field k(a) of a is 
isomorphic to K. 

In the rest of this section, we consider a relationship to associated atoms, which were intro- 
duced by Storrer S72 in the case of a module category. In the case of an abelian category, 
they are stated in |K12j . 

Definition 3.12. Let A be a locally noetherian Grothendieck category. For an object M in 
A, a subset AAss M of ASpec A is defined by 

AAss A/ — {a G ASpec A | there exists H e a which is a subobject of M}. 

An element of AAss M is called an associated atom of M . 

Proposition 3.13. For any object M in A and any atom a in A, a 6 AAssM if and only if 
Rom A (a,M) ^ 0. 

Proof. This follows from Proposition ^. 81 □ 

We recall a fundamental result concerning associated atoms. 
Proposition 3.14. Let — > L — > M — > N — > be an exact sequence in A. Then we have 

AAss L c AAss M c AAss L U AAss TV. 
Proof [TvT2l Proposition 3.5]. □ 

4. Extension groups between atoms and objects 

Throughout this section, let A be a locally noetherian Grothendieck category, S be the 
spectral category of A, P : A — > S be the canonical additive functor, and a be an atom in A. 

By Theorem I3~2l pi. the additive functor Kom s (P(E (a)), -) : S Modfc(a) is exact. 
Since P is a left exact functor, the additive functor Hom^(a, — ) = Homs(P(E(a)), P(— )) : 
A — > Modk(a) is left exact. 

Definition 4.1. Let A be a locally noetherian Grothendieck category. For an atom a in A, 
denote the right derived functor of the left exact functor Hom^(a, -) : A — > Modfc(a) by 
RHom^4(a, — ) : D(.4) — > D(Mod fc(a)), where D(„4) is the unbounded derived category of 
A. For a nonnegative integer i, the i-th right derived functor of Hom^(a, — ) is denoted by 
Ext^(a, -) : A -> Modfc(a). 

The existence of the right derived functor follows from the fact that every complex in a 
Grothendieck category has a K-injective resolution f |S88j and jAJSOOj ). 

In order to give other descriptions of the functors RHom^(a, — ) and Ext^(a, — ), we will see 
that the functor Hom^fa, — ) is the composite of additive functors G a and L a defined below. 

Definition 4.2. (1) Denote by C a the full subcategory of A consisting of objects which 
are isomorphic to nonzero subobjects of E(a). 
(2) Denote by Mod C a the category of contravariant Z- functors from C a to Mod Z. (Note 
that the category C a is skeletally small since A is a Grothendieck category.) 

Remark 4.3. (1) Regard the directed set Te^c) as a category (see section [3]). Then we 
have a canonical contravariant functor J-E( a ) ~^ C a , which sends the unique morphism 
U — > U' in Fe{o) f° r each pair of subobjects U D U' to the inclusion morphism 
U' ^ U. This canonical functor is faithful and dense. 
(2) ModC Q is a Grothendieck category. 



EXTENSION GROUPS BETWEEN ATOMS AND OBJECTS 



9 



Definition 4.4. For a nonnegative integer i, define an additive functor G l a : A — > ModC a 
by Gi{M) = Ext l A {-,M)\ Ca for each object M in A and G\(f) = Ext\(-J)\ Ca for each 
morphism / in A, where (— )\c a is the restriction to C a . G° is also denoted by G a . 

G a is a left exact functor and its i-th right derived functor of is G l a . 

Proposition 4.5. (1) Let X be an object in ModC Q . Then the composite of the canonical 
contravariant functor J-E(a) ~> C a and the contravariant additive functor X : C a — > 
ModZ defines a direct system in ModZ. Denote its direct limit in ModZ by L a (X). 
(2) The correspondence X i— > L a {X) defines an exact functor L a : ModC Q — > Modfc(a). 

Proof. (1) This is obvious. 

(2) In order to show that L a (X) has a canonical fc(a)-module structure, let [x] £ L a (X) 
and [/] £ k(a), where x £ X(U), f:U'-+U, and U, U' £ T E(a) (see Remark ED ©) . Define 
[x][f]€L a (X)by[x}[f] = [X(f)(x)}. 

In order to show the well-definedness of this action, let y G X(V) and g : V —> V such 
that [x] — [y], and [/] = [g]. By the definition of L a (X), there exists W £ J-E{a) such that 
W C UtlV, and X(i\y,u){x) = X(iw,v){y)- Since [/] = [g], there exists W £ J-E(a) snch that 
W C U' n V', and ^u.E(a)f L w .u 1 = i v,E{a)9 L w l ,v> ■ Denote this morphism by r : W — > E(a). 
By replacing W' by W fl r~ 1 (W), we can assume Imr C W. Then there exists a morphism 
h : W' — > W such that tw,uh — f^w',U'i and iw,vh = giw y ■ Hence we have 

[X{f){x)\ = [X(i w ,,u,){X{f){x))] = [X(fi w ,,u,){x)] 
= [X{i W .uh)(x)\ = [X{f)(X(L WtU )(x))\ 
= [X{f){X{i W y){y))] = [X(g)(y)}. 

This shows the well-definedness of [x] [/] . 

It is straightforward to show that this action makes L a (X) a fc(a)-module, and L a becomes 
an additive functor. The exactness of L a follows from that of direct limit. □ 

In section|31 we defined the left exact functor Hom^(a, — ) as the composite of the left exact 
functor P : A — >• S and the exact functor Homs(P(E(a)) 7 — ) : S — > Modfc(a). We also have 
the following description of Hom^(a, — ). 

Proposition 4.6. The left exact functor Hom^(a, — ) is the composite of the left exact functor 
G a : A — > ModC Q and the exact functor L a : ModCo, —¥ Mod k{a). 

Proof. This can be shown straightforwardly. □ 

This observation allows us to give other descriptions of the functors RHom^(a, — ) : D(.A) — > 
D(Modfc(a)) and Ext^(a, -) : A -> Modfc(a). 

Theorem 4.7. Let A be a locally noetherian Grothendieck category, S be the spectral category 
of A, P : A — s> S be the canonical additive functor, and a be an atom in A. 

(1) There exist functorial isomorphisms 

RHonu(a, -) = Rom s (P(E(a)), — ) o RP = L a o RG Q 

of triangle functors T)(A) —> D(Modfc(a)). 

(2) For any nonnegative integer i, we have a functorial isomorphism 

Ext^(a,-)= Hm Ext^(C7, -). 

of additive functors A — > Modfc(a). 
Proof. (1) This follows from above observation. 
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(2) For an object M in A, we have 

Ext\(a,M) = H ! (RHom^(a, A/)) = ff(i Q (RG Q (M))) 
S L Q (H 4 (RG tt (M))) = L a (Ext^(- M)| C J 
lim Ext^(£/,M). 

It is easy to see that these isomorphisms are functorial on M. □ 

Remark 4.8. Similarly to Remark l3.6l (IT|). for any nonzero subobject U' of E(a), we have a 
functorial isomorphism 

Ext^(a,-) = lim Ext^(C7, -). 
of additive functors A — > Modfc(a). 

5. Bass numbers 

Throughout this section, let A be a locally noetherian Grothendieck category. For an object 
M in A, denote by E l (M) the i-th term in the minimal injective resolution of M, that is, 

-> M -> J5°(M) -> E X (M) -> £ 2 (M) -> • • • 

is the minimal injective resolution of M. Note that E°(M) = E(M). 

By considering Theorem 12.41 (|2")l. we can define Bass numbers from the viewpoint of atoms 
as a generalization of Bass numbers defined by Bass [B63 . 

Definition 5.1. Let A be a locally noetherian Grothendieck category, a be an atom in A, M 
be an object in A, and i be a nonnegative integer. Define the i-th Bass number Hi(a, M) of M 
with respect to a as the cardinal number satisfying 

E\M) = E{a)®^ a ' M \ 

ctSASpec A 

Remark 5.2. (1) In Definition 15.11 the existence of indecomposable decompositions of 
injective objects is shown by Matlis [M58, Theorem 2.5]. Since the endomorphism ring 
of any indecomposable injective object is a local ring, Krull-Remak-Schmidt-Azumaya's 
theorem A50, Theorem 1] ensures the uniqueness of indecomposable decompositions 
of injective objects. The uniqueness also can be shown by using Theorem 15.31 
(2) In the case where i = in Definition 15.11 fXo(a,M) coincides with rj a (M) with the 
notation in [G066]. 

We show that Bass numbers defined above coincide with the dimensions of the extension 
groups between an atom and an object. 

Theorem 5.3. Let A be a locally noetherian Grothendieck category, a be an atom in A, M 
be an object in A, and i be a nonnegative integer. Then we have the equation 

fii(a, M) = dim fe(Q ) Ext^(a, M). 

Proof. For a nonnegative integer j, denote by 13 J (M) the j-th cosyzygy of an object M in A, 
that is, 13° (M) = M, and W +1 {M) is the cokernel of the inclusion morphism l3 j (M) ^ E j (M). 
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Then we have the long exact sequence 

^ Rom A (a,l5 j (M)) Hom^(a, E j (M)) Uom A (a, I5 j+1 (M)) 



Ext A (a,l3 j (M)) ^ Ext A (a,E j {M)) ^ Ext^(a, J+1 (M)) 



■Ext 2 A (a,l5 j (M)) ^Ext A (a,E 3 {M)) >" Ext^(a, I3 j+1 (M)) 



in ModA:(Q!). Since 15° (M) is an essential subobject of E 3 (M), by Theorem 13.31 (IT]), the mor- 
phism Hom A (a, U J (M)) — > Hom^(a, E 3 (M)) is an isomorphism. For a positive integer I, we 
have Ext^(a,.E-?(M)) = 0. Hence we obtain Ext^(a, I5 j+1 (M)) ^ Ext 1 ^ 1 (a,U j (M)) for any 
nonnegative integer I. By using this isomorphism repeatedly, we obtain 

Ext^(a,M) ^ Hom^(a,O l (M)) 
= Hom^ (a, E\M)) 
= Hom,( Q , ^fleM/W) 

/3eASpecA 

- Homi«,£(/3))^'(^) 

/3eASpec4 

= fc(a)®^ Q < M >. 

Therefore the statement holds. □ 

6. Application to E'-stable subcategories 

Throughout this section, let A be a locally noetherian Grothcndieck category. As an appli- 
cation of Theorem 15.31 we show some properties about -E-stable subcategories. We recall its 
definition. 

Definition 6.1. Let A be a locally noetherian Grothendieck category and A" be a full subcat- 
egory of A. 

(1) X is called E-stable if for any object M in A, M belongs to X if and only if E l (M) 
belongs to X for each nonnegative integer i. 

(2) We say that X is closed under arbitrary direct sums if for any family {M^}agA of 
objects in X, AgA M\ also belongs to X. 

(3) We say that X is closed under direct summands if for any object M in X , any direct 
summand of M also belongs to X. 

We define the small atom support of an object. This generalizes the notion of the small 
support in the setting of commutative noetherian rings (see [F791 Remark 2.9]). Although the 
small support is contained in the usual support in that case, this does not necessarily hold in 
the general case. 

Definition 6.2. Let A be a locally noetherian Grothendieck category. 
(1) For an object M in A, define a subset asuppAf of ASpec„4 by 

asuppM = {a e ASpcc.4 | /ii(a,M) ^ for some i £ Z>o}, 

and call it the small atom support of M. 
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(2) For a full subcategory X of A, define a subset asupp X of ASpec A by 

asupp X = (J asupp M. 

(3) For a subset $ of ASpec .A, define a full subcategory asupp -1 $ of A by 

asupp -1 $ = {M e A | asupp M c 
The small support is related to associated atoms in Definition 13 . 1 2 1 as follows. 

Proposition 6.3. Let M be an object in A. Then the following hold. 

(1) asuppM = {a e ASpec A | RHom^(a, M) ^ 0}. 

(2) AAss M c asupp M. 

Proof. (1) This follows from Theorem 15.31 

(2) This follows from © and Proposition |3"T3"1 □ 

Theorem 6.4. Let A be a locally noetherian Grothendieck category. Then the map X n> 
asupp X is a bijection between E-stable subcategories of A closed under arbitrary direct sums 
and direct summands, and subsets of ASpec A. The inverse map is given by $ i— )• asupp -1 

Proof. Let <fr be a subset of ASpec A. Then asupp -1 $ is -E-stable and closed under direct 
summands. It is also closed under arbitrary direct sums since for any family {M\}\ e \ of 
objects in A, the minimal injective resolution of ® M\ is 

-> Ah -> £°(M A ) -> £ X (M A ) -> £ 2 (Af A ) -».... 
AeA AeA AeA AeA 

by |M581 Proposition 2.1]. asupp asupp -1 $ C $ is obvious. For any a G since i?(a) belongs 
to asupp -1 <£>, we have a G asupp E(a) c asupp asupp -1 Hence asupp asupp -1 $ = $. 

Let X be an instable subcategory of A which is closed under arbitrary direct sums and 
direct summands. Then an object M in A belongs to X if and only if E(a) belongs to X for 
any a G asupp M. For any atom a in A, if E(a) belongs to X, then a £ asupp E(a) C asupp A". 
Conversely, if a G asupp A", there exist an object N in X and a nonnegative integer i, E(a) is 
a direct summand of E l (N), and hence E{a) belongs to X. Therefore M belongs to X if and 
only if asupp M C asupp X. This implies that X = asupp -1 asupp A". □ 

By using the long exact sequence of extension groups between atoms and objects, we can 
show the following result, which is a generalization of [T091 Theorem 2.18]. 

Corollary 6.5. Let A be a locally noetherian Grothendieck category and X be an E-stable 
subcategories of A closed under arbitrary direct sums and direct summands. For any exact 
sequence 

0-)- Z-s- M -)■ N ->• 
in A, if two of L, M, N belong to X, then the rest one also belongs to X. 
Proof. This short exact sequence induces a triangle 

L ->• M -> N -> L[l] 
in D(A). For any atom a in A, we have the triangle 

RHom^(a,L) — > RHom^.(a, M) — > RHom^(a, N) — > RHom^(a, L)[l] 
in D(Mod k(a)). Then by Proposition 16.31 (|Tj). we have 

asupp L c asupp M U asupp A, 
asupp M C asupp L U asupp N, 
asupp N c asupp L U asupp M. 
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Then the claim follows. For example, if M and N belong to X, then by Theorem 16. 4[ we have 
asuppM C asuppA" and asuppiV C asuppA". Therefore we deduce that asuppi C asuppA, 
and hence L belongs to X. □ 

7. IN THE CASE OF NOETHERIAN ALGEBRAS 

In this section, we give another description of Bass numbers in the case of noetherian 
algebras. Throughout this section, let R be a commutative noetherian ring, and A be a ring 
whose center contains R as a subring, and assume that A is finitely generated as an i?-modulc. 
A module means a right module, and an ideal means a two-sided ideal. 

A proper ideal P of A is called a prime ideal of A if for any a, b G A, aAb C P implies a € P 
or b € P. The set of all the prime ideals of A is denoted by Spec A, and the set of all the 
maximal ideals of A is denoted by Max A. Note that Max A C Spec A. For a A- module M, 
denote by AssaM the set of all the associated prime ideals of M, that is, a prime ideal P of 
A belongs to Assa M if and only if there exists a nonzero A-submodule N of M such that for 
any nonzero A-submodule N' of N, AmiA(-/V') = P. 

Remark 7.1. (1) In this case, as in [G621 V, 4, Lemma 2], there exists a bijection between 
Spec A and the set of all the isomorphism classes of indecomposable injective A-module: 
for a prime ideal P of A, the injective envelope E\(A/P) is a direct sum of finite 
copies of an indecomposable injective A-module I(P). I{P) gives the corresponding 
isomorphism class to the prime ideal P. For an indecomposable injective A-module I', 
Assa(/') = {P'}, where P' is the corresponding prime ideal to I'. 
(2) By (P) and Theorem (l2"j) . we have a bijection between Spec A and ASpec(ModA). 
Furthermore, this bijection induces a bijection between Ass a M and A Ass M for any 
A-module M. We denote by P the corresponding atom to a prime ideal P of A. Then 
by Proposition El AAss(A/P) = AAssE A (A/P) = AAss/(P) = {P}. 

The following lemma is useful to see behavior of A/P for a prime ideal P of A. 

Lemma 7.2 (Goto-Nishida |GN021 Lemma 2.5.1]). Let P be a prime ideal of A and M be a A- 
module. Then P £ Assa M if and only if there exist a positive integer i and a A-monomorphism 
A/P^M\ 

Proposition 7.3. The correspondence P M> P gives a bijection between Max A and the set of 
atoms which are represented by simple A-modules. Therefore Max A bijectively corresponds to 
the set of all the isomorphism classes of simple A-modules. 

Proof. Let P be a maximal ideal of A. Since A/P is a noetherian A-module, there exist a simple 
A-module S and a A-epimorphism A/P -» S. Since P C AnnA(S') C A, we have P = Aiui^S) 
by the maximality of P. Hence Ass A S = {P}, and by Remark I7TT1 (|2"]l ■ {P} = AAss S = {S}. 

Conversely, let P be a prime ideal of A, and assume that P is represented by a simple 
A-module S. Since AAss S = {S} = {P}, by Remark O © , we have Ass A S = {P}. By 
Lemma 17. 2[ there exist a positive integer i and a A-monomorphism A/P S l , and hence 
A/P is isomorphic to for some positive integer j. Let Q be a maximal ideal of A such that 
P C Q. Since A/Q is a quotient A-module of A/P = S^, AJQ is isomorphic to S for some 
positive integer I. By Proposition l3~lH {P} = AAss(A/P) = AAss S = AAss(A/Q) = {Q}, 
and hence P — Q is a maximal ideal of A. □ 

For a prime ideal p of R, the i? p -algebra A p also satisfies our assumption. We recall a 
description of prime ideals of A p . 

Proposition 7.4. Let p be a prime ideal of R. 
(1) The map 

{Q E Spec A | Q n R C p} -> Spec A p , Q i-> QA P 
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is bijective. The inverse map is given by Q' i— > tp (Q 1 ), where ip : A — > A p is the 
canonical ring homomorphism. 
(2) The map in (QJ) induces a bijection 

{P G Spec A | PnP = p} -4 MaxAp. 

Proof. (1) This can be shown straightforwardly. 

(2) Let Q be a prime ideal of A such that Q n R C p. By |MR87i 10.2.13, Proposition 
(hi)], QAp is a maximal ideal of A p if and only if QA p n i? p is a maximal ideal of Since 
QA p n Rp = (Q n R)R P , this condition is equivalent to Q D i? = p. □ 

For any prime ideal P of A, it can be easily shown that p = PPiR is a prime ideal of R. Then 
by Proposition 17.41 (|2l. PA p is a maximal ideal of A p . By Proposition [731 -PA p determines an 
isomorphism class S(P) of simple A p -modules. We also denote by S(P) a simple A p -module 
which represents the isomorphism class S(P). 

Theorem 7.5. The map 

Spec A -> |_J 5 P , P^S(P) 

peSpecR 

is bijective, where for a prime ideal p o/ P, 5 P is the set of all the isomorphism classes of 
simple Ap-modules. 

Proof. This follows from Proposition 17.41 (|2"j) and the definition of S(P). □ 
The following lemma clarifies injective modules over A p for each prime ideal p of R. 

Lemma 7.6. Let I be an injective A-module and p be a prime ideal of R. 

(1) (Bass [B621 Lemma 1.2]) I p is an injective Ap-module. 

(2) (Goto-Nishida [GNQjl Lemma 2.4.1]) The canonical A-homomorphism I — > I p is a split 
A-epimorphism. 

The residue field k(P) of the atom P can be described by using S(P). 

Proposition 7.7. Let P be a prime ideal of A and p = P(~)R. Then there exists an isomorphism 
k{P) = End Ap (S(P)) of skew fields. 

Proof. Set L = E\(P). By Remark O © , Ass A / = {P}. Hence by Lemma W?Z\ there exist 
a positive integer i and a A-monomorphism A/P P. By localizing this morphism at p, 
we have A p /PA p c — >■ i|. By Proposition O and the proof of it, A p /PA p = S(Py in Mod A p 
for some positive integer j. By Lemma 17.61 L p is an indecomposable injective Ap-module, 
and Ip = I in Mod A. Since I p contains S(P) as a Ap-submodule, we have Ip = E\ (S(P)). 
Since any A p -homomorphism S(P) — > S(P) can be lifted to a A p -homomorphism I p — > / p , the 
ring homomorphism EndA p (/p) — > EndA p (S'(P)) is surjective. Then we have a surjective ring 
homomorphism End A (7) = End A (/p) = End Ap (/ p ) -4 End Ap (5(P)). By Proposition [3~10l (|2|). 
End Ap (5(P)) is isomorphic to fc(P). □ 

In order to give a description of Bass numbers, we regard S(P) as a A p -submodule of I(P) 
for each prime ideal P of A. In fact, S(P) is characterized as follows. 

Lemma 7.8. Let P be a prime ideal of A and p = P n R. Then {x 6 I(P) \ xP = 0} is a 
Ap-module which is isomorphic to S(P). 

Proof. By Lemma [7.61 ©, I(P) can be regarded as an indecomposable injective Ap-module. 
As in the proof of Proposition 17.71 S(P) is isomorphic to a unique simple Ap-submodule of 
I{P). Set N = {x E I(P) | xP = 0}. For any x 6 N and s E R \ p, set y = xs- 1 . Since 
yPs = xP = 0, and s acts on I(P) as an isomorphism, we obtain yP = 0. Hence xs^ 1 E N, 
and this shows that is a Ap-submodule of I(P). Since I(P) is a uniform Ap-module, and 
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NPAp = 0, N is a uniform A p /PA p -modulc. Since A p /PA p is a finite-dimensional P p /pP p - 
algebra, it is artinian. Furthermore A p /PA p is a simple ring and hence is Morita-equivalent 
to a skew field by Artin-Wcdderburn's theorem. Therefore N is a simple A p /PA p -module and 
hence is also simple as a A p -module. □ 



Theorem 7.9. Let P be a prime ideal of A and p = P n R. 

(f ) There exists a functorial isomorphism 

RHom A (P, -) = RHom Ap (S(P), (-) p ) 

o/ triangle functors D(ModA) -> D(Modfc(P)). 
(2) Por any nonnegative integer i and any A-module M , 

Mi(-P, M) = dim fc(P) Ext Ap (5(F), M„). 

Proof. (1) By [BN93, Proposition 2.12], every complex in Mod A has a K-projective resolution. 



Since the localization functor ( — ) p 



A p : Mod A — > ModA p has an exact right adjoint 



Hoitia p (A p ,— ) : ModA p — > Mod A, it sends any K-projective complex in Mod A to a K- 
projective complex in ModA p . Hence by [H66, Proposition 5.4], the right derived functor 
of HoiriA„ (S(P), (— )p) is the composite of the induced triangle functor (— ) p : D(ModA) — > 
D(ModA p ) and the right derived functor RHom Ap (S(P), -) : D (ModAp) -)■ D(Modfc(P)). 
Therefore it suffices to show that there exists a functorial isomorphism 

Hom A (P, -) = Horn a p (S(P), (-) p ) 



of additive functors Mod A Modfc(P). 

We regard S(P) as a A p -submodule of I(P) 



By definition, for any A-module M, 



Hom A (P,M)= Iim Kom A (U,M), 

where Fitp) is the directed set of all the nonzero A-submodules of I(P). For any U G Pi(p) and 
any A-homomorphism / : P — > M, we have ^ U ^ Up ^ I{P)p = I(P) by Lemma [7TB1 ©, 
and hence the composite of S(P) <-}■ Up and f p : Up — >• M p is an element of HomA„ (S(P), M p ). 
This correspondence defines a Z-homomorphism 95 a/ : Hoixia(P,M) — > Kom\ p (S (P) , M p ) . 
In order to show that <pm is a fc(P)-homomorphism, let [ft] G k(P), where h : V U, and 
G Pi(p)- Then there exists a A-homomorphism /i : /(P) — >■ P(P) such that the diagram 



J(P) 



V- 



I(P) 



u 



commutes. By Proposition 17.71 [h] G k(P) corresponds to a A p -homomorphism 9 : S(P) — > 
S(P). The commutative diagram 



J(P) 



I(P) 



hp w fp 

V U — M 



S(P) — ^ S(P) 
shows that ifM is a /c(P)-homomorphism. 
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Assume that </?m([/]) = 0. Then by the definition of ipMt fp is not a Ap-monomorphism. 
Hence / is not a A-monomorphism. This means that [/] = by Proposition 13.81 Therefore 
ipM is injective. 

In order to show the surjectivity of fM, take a nonzero Ap-homomorphism g : S(P) — > 
Mp. By Lemma 17.61 ©, the canonical A-homomorphism E A (M) — > E A (M) p is a split A- 
epimorphism. Denote a section of it by v : E A (M) p — > E A [M) and the composite of g : 
S(P) -> M p , M p =-> E A (M p ), and v : E A (M) p =-> E A (M) by .g'. Since g' is nonzero, there 
exists a nonzero element a; of S(P) such that ^ g'[%) S E A (M). Since M is an essential 
A-submodule of E A (M), there exists A s A such that 7^ g'(x)X G M. Then induces 
a A-homomorphism /' : .tAA — > M. f defines an element of Hom A (P, M). We have the 
commutative diagram 



S(P) 



xXk ■ 



Mp<- 



E A {M)p^^ E A {M) 



r 



M. 



By applying (— ) p to this diagram, we obtain the commutative diagram 



S(P) 



(xXA) t 



E A {M) p 



E A (M) t 



fi 



•M* 



This shows that yju ([/']) = 9, and hence ifM is surjective. 
It is straightforward to show that tpM is functorial on M. 
(2) This follows from (JTJ and Theorem Ol 



□ 



Example 7.10. Let R be a commutative noetherian ring and A be the ring of 2 x 2 lower 
triangular matrices over R, that is, 



A 



Then for any prime ideal p of R, 



An 



R 
i? i? 



fl P 
Rp R p 



and all the isomorphism classes of simple Ap-modules are given by 



5i(p) = [k(p) 0] , 5 2 (p) = 



[Hp) Hp)} 



[Hp) 0] ' 

where k(p) — R p /pRp. By considering Theorem 1 7. 5 1 denote the corresponding prime ideal of 
A to Si(p) by Pi(p) for each i € {1, 2}. Then fc(^(p)) = k(p), and 

^(^55) = [e r{ r/p) e rWp) ] , ^(^55) = [gg^ggWga , 

Let V be an i?-module, and define a A-module M by 

M = [V 0] . 

Then 

M p = [V p 0] , £ Ap (Mp) = [E R (V P ) E R (Vp)} . 
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By Theorem El 

(Pi (|>), Jl/) = dim fc(p) Hom A „(Si(p),Mp) = dim fe(p) Hom R , (fc(p), F„) = m,(p,V), 
Ho(lMp),M) = dim fe( p ) Hom Ap (5 2 (p),Mp) = 0, 

Mi(P(p),^) = dim )t( p ) Exti ij (5 1 (p),Mp) = dim fe( p ) Ext^(A;(p) ) Vp)=Mi(p,^) ! 
mWfi),M) = dim fc(p) Exti p (5 2 (p),Mp) = dim fe(p) Hom^ (fc(p), Vp) =/x (p,^). 
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